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We suggest a method to test the premise of ‘‘macroscopic local realism’’ that is sufficient to derive Bell
inequalities when measurements of photon numbers are only accurate to an uncertainty of order n photons,
where n is macroscopic. Macroscopic local realism is only sufficient to imply, in the context of the original
Einstein-Podolsky-Rosen argument, fuzzy ‘‘elements of reality’’ that have a macroscopic indeterminacy. We
show therefore how the violation of local realism in the presence of macroscopic uncertainties implies the
failure of macroscopic local realism. Quantum states violating this macroscopic local realism are presented.
PACS number~s!: 03.65.BzI. INTRODUCTION
There is increasing evidence for the failure of ‘‘local re-
alism’’ as defined originally by Einstein, Podolsky, and
Rosen @1#, Bohm @2#, and Bell @3,4#. For certain correlated
quantum systems, Einstein, Podolsky, and Rosen argued that
local realism is sufficient to imply that the results of mea-
surements are predetermined. These predetermined ‘‘hidden
variables’’ ~called ‘‘elements of reality’’ by Einstein, Podol-
sky, and Rosen! exist to describe the value of a physical
quantity, whether or not the measurement is performed, and
as such are not part of a quantum description. Bell later
showed that the predictions of quantum mechanics for cer-
tain ideal quantum states could not be compatible with such
hidden variable theories.
It is now widely accepted therefore, as a result of Bell’s
theorem and related experiments @5#, that local realism must
be rejected. However, the rejection of local realism implied
by these results is at the most microscopic level of a single
photon, in the sense that the hidden variables ~or ‘‘elements
of reality’’! and the experimental results of measurements
involved must be defined to the precision of one photon or
better in order to prove local realism invalid. The failure of
local realism in microscopic systems has long been associ-
ated with the existence of entangled quantum superposition
states. In microscopic systems there can only be superposi-
tions of states microscopically distinct.
Little is known about the validity of local realism in more
‘‘macroscopic experiments,’’ where experimental uncertain-
ties are larger ~becoming macroscopic! in size, in an absolute
sense. At least there has to our knowledge been no formula-
tion of a Bell-type theorem or a related experimental inves-
tigation for such a situation. Previous works @6–8# sugges-
tive of incompatibilities of local realism in macroscopic
systems have considered the case where the measurements
are performed with perfect accuracy and are thus not ex-
amples of macroscopic experiments as we have defined them
here.
Generally, it is thought that true macroscopic quantum
effects come about from the quantum superpositions of states
that are macroscopically distinguishable @9,10#, often re-
ferred to as ‘‘Schro¨dinger cat’’ states. This point has been1050-2947/2000/62~2!/022110~10!/$15.00 62 0221much discussed. Leggett and Garg @10# have shown the in-
compatibility of such macroscopic quantum states with the
combined premises of ‘‘macroscopic realism’’ and ‘‘macro-
scopic noninvasive measurability.’’ They, however, consid-
ered macroscopic quantum superposition states at a single
location only, and did not introduce the premise of locality.
There has been much interest and debate over whether or
not ‘‘Schro¨dinger cat’’ states can truly exist. The existence,
for which there is now experimental evidence @11–13#, of
‘‘Schro¨dinger cat’’ states would appear to be closely linked
to the question of the validity of local realism at the more
macroscopic level we have described. One would suspect
that a violation of local realism, which is evident in an ex-
periment where uncertainties are large, would be due more to
entangled macroscopic superpositions than microsuperposi-
tions.
In this paper, we begin ~in Sec. II! by defining the physi-
cal premise of ‘‘macroscopic local realism’’ @14# so as to
identify the peculiar features of the macroscopically en-
tangled quantum states in a way that is independent of the
quantum formulation. Macroscopic local realism is only suf-
ficient to assign, to a system, predetermined elements of re-
ality ~or hidden variables! that are intrinsically macroscopic,
in that they have a macroscopic indeterminacy in their val-
ues.
Suppose our ‘‘Schro¨dinger’s cat’’ is correlated with a sec-
ond system spatially separated from the cat, for example, a
gun used to kill the cat. Let us suppose a gun that has been
fired implies a dead cat; a gun that has not been fired implies
a cat that is alive. We can predict the result for a measure-
ment of the cat ~whether dead or alive!, without disturbing
the cat, by a measurement of the gun. Macroscopic local
realism is the premise used to imply the existence of an
element of reality for the cat. The element of reality in this
case is a variable that assumes one of two values: one value
corresponding to the ‘‘dead’’ state and the other value cor-
responding to the ‘‘alive’’ state. The assignment of this ele-
ment of reality then means that the cat is always either
‘‘dead’’ or ‘‘alive,’’ regardless of whether or not it is being
observed or measured. Macroscopic local realism is used in
this case because the two possible results of measurement of
the cat, ‘‘alive’’ and ‘‘dead,’’ are macroscopically distinct.
To summarize, the rejection of macroscopic local realism in©2000 The American Physical Society10-1
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either dead or alive, even though we can predict the ‘‘dead’’
or ‘‘alive’’ result of ‘‘measuring’’ the cat, without disturbing
the cat, by measuring the correlated spatially separated sec-
ond system, which in this case is the gun. The rejection of
macroscopic local realism is a more startling result than, and
is not implied by, the rejection of local realism as indicated
by Bell’s theorem.
In Sec. III we point out that for situations where the pos-
sible results are all macroscopically distinguishable, we need
only to assume the strong premise of macroscopic local re-
alism in order to derive the Bell inequalities. We then focus
attention on the more general case where the results of mea-
surement may be microscopically separated. We show that
with the addition of macroscopic classical noise sources that
model a macroscopically imprecise measurement, one may
derive the Bell inequalities using only the premise of macro-
scopic local realism. Thus if a violation of a Bell inequality
is maintained in the presence of macroscopic uncertainties in
the measurement process, we have direct evidence for an
incompatibility with macroscopic local realism.
In Sec. IV, quantum states are presented that show a vio-
lation of Bell’s inequality with such macroscopic noise, thus
indicating an incompatibility of the predictions of quantum
mechanics with the very strict form of macroscopic local
realism we have defined. We believe this is a very different
result, although some preliminary results presented in this
paper have been published previously @15#. Such a test of
macroscopic local realism provides an avenue to focussing
on the peculiar macroscopic nonlocal aspects of the ‘‘mac-
roscopic entangled quantum state.’’
The application of Bell inequality theorems, and the effect
of noise on the violations predicted, to situations where
many photons fall on a detector is relevant to the question of
whether or not tests of local realism can be conducted in the
experiments such as those performed by Smithey et al. @16#.
Here correlation of photon numbers between two spatially
separated but very intense fields is sufficient to give
‘‘squeezed’’ noise levels. In these high-flux experiments, de-
tection losses can be relatively small, allowing for the possi-
bility of the violation of a strong Bell inequality, but noise
that limits the resolution of the photon number measurement
can be large in absolute terms, as compared to traditional
Bell inequality experiments, which involve photon counting
with low incident photon numbers.
II. DEFINITIONS OF MACROSCOPIC LOCAL REALISM
In the original argument of Einstein, Podolsky, and Rosen
~EPR! @1#, ‘‘local realism’’ is defined in the following way.
For ‘‘realism,’’ it is sufficient to state that if one can predict
with certainty the result of a measurement of a physical
quantity at A, without disturbing the system A, then the re-
sults of the measurement were predetermined and one has an
‘‘element of reality,’’ corresponding to this physical quan-
tity. The element of reality is a variable that assumes one of
the set of values that are the predicted results of the measure-
ment. Locality postulates that measurements at B cannot dis-
turb A in any way. Taken together with realism then, as02211defined above, for ‘‘local realism’’ it is sufficient to imply
that if one can predict the result of a measurement at A, by
making a simultaneous measurement at B, then the result of
the measurement at A is a predetermined property of the
system A. In the case of perfect correlation and perfect mea-
surements, the predetermined value ~the element of reality!
for any individual system A will have zero uncertainty, since
we can determine it precisely by measurements on B, and
because all orders of change to system A as a result of the
measurement at B are excluded by locality.
Macroscopic local realism may be defined as a premise
stating the following. This meaning and definition of macro-
scopic local realism has been previously introduced in refer-
ences Refs. @14# and @15# in line with the original EPR argu-
ment, and its experimental realization for continuous
variables introduced by Ou et al. @17#. If one can predict the
result of a measurement at A by performing a simultaneous
measurement on a spatially separated system B, then the re-
sult of the measurement at A is predetermined but described
by an element of reality that has an indeterminacy in each of
its possible values, so that only values macroscopically dif-
ferent from those predicted are excluded. We note that the
meaning of ‘‘predict’’ in the above definition could be loos-
ened to allow for an uncertainty in the prediction, as one
would have in macroscopic experiments that incorporate
measurement uncertainties.
Macroscopic local realism incorporates two assumptions.
We define a ‘‘macroscopic locality,’’ which states that mea-
surements at a location B cannot instantaneously induce
changes of a macroscopic magnitude ~for example, the dead
to alive state of a cat, or a change between macroscopically
different photon numbers! in a second system A spatially
separated from B. Locality in its entirety, as used originally
by EPR and Bell, postulates that measurements at B cannot
disturb A in any way. We expect that our definition of a
macroscopic order of locality is equivalent to postulating that
locality will always appear to be satisfied where measure-
ment uncertainties do not enable resolution of results that
differ by a microscopic or mesoscopic number of photons.
The second assumption incorporated by macroscopic lo-
cal realism is the assumption of a ‘‘macroscopic realism,’’
since a macroscopic local realism implies elements of reality
with ~up to! a macroscopic indeterminacy. Suppose an ele-
ment of reality may be symbolized by the variable x, where x
can take on numerical values x1 ,x2 , . . . . For microscopic
realism, these values are specified to a microscopic level. For
macroscopic realism, these values have a macroscopic inde-
terminacy, by this meaning that one can only exclude values
for the associated physical variable that are macroscopically
different from the values x1 ,x2 , . . . . We see that if x1 ,x2
are only microscopically distinct, they are in this case no
longer distinguished by different hidden variable values.
The notion of realism is exclusive of ‘‘quantum superpo-
sition states’’ in the following sense. If a physical quantity
for an ensemble of systems is attributed an element of reality
x as above, then the element of reality for each individual
system will take on one of the values x1 ,x2 , . . . . This value
is the result of the measurement of the physical quantity,0-2
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different from the standard quantum picture of a system be-
ing in a ‘‘quantum superposition’’ of two states of different
xi . According to a standard quantum mechanics interpreta-
tion, an individual system described by such a superposition
cannot be thought of as being in one or the other of the two
states prior to measurement. If the values of the element of
reality are defined with zero uncertainty, then the element of
reality theory excludes ~or is different in its interpretation
from! a ‘‘quantum superposition’’ of states xi and xi1d
where d is nonzero.
We consider the existence of an element of reality that is
only macroscopically specified, having values that can only
be specified not to be macroscopically different from a value
x. This macroscopic realism description says nothing about
the possibility of superpositions of states microscopically or
mesoscopically different from x. Macroscopic local realism
cannot exclude the possibility of quantum superpositions of
states microscopically or mesoscopically different, with re-
spect to the physical quantity represented by the element of
reality. We can, however, exclude the possibility of the
quantum superpositions of states with macroscopically dif-
ferent values for the physical quantity concerned.
Since it says nothing about microscopic systems, macro-
scopic local realism is a less restrictive premise than ‘‘local
realism’’ used in its entirety. Local realism in its full sense
can define elements of reality with values having no uncer-
tainty and therefore can exclude the possibility of quantum
superpositions of states with all separations ~microinclusive
to macroinclusive! in the relevant variable.
III. BELL INEQUALITIES WITH NOISE: TESTS OF
MACROSCOPIC LOCAL REALISM
Our proposed experiment to test macroscopic local real-
ism is depicted in Fig. 1, where aˆ 6 and bˆ 6 are boson opera-
tors for outgoing fields, generated from a suitable source to
be discussed in Sec. IV, at the spatially separated locations A
and B, respectively. We define the Schwinger spin operators
Sˆ x
A5~aˆ 1
† aˆ 21aˆ 2
† aˆ 1!/2,
Sˆ y
A5~aˆ 1
† aˆ 22aˆ 2
† aˆ 1!/2i , ~1!
Sˆ z
A5~aˆ 1
† aˆ 12aˆ 2
† aˆ 2!/2.
Similar operators Sˆ x
B
,Sˆ y
B
,Sˆ z
B are defined for the modes at B.
We measure simultaneously at A and B the Schwinger spin
operators
Sˆ u
A5Sˆ x
Acos u1Sˆ y
Asin u , ~2!
and
Sˆ f
B5Sˆ x
Bcos f1Sˆ y
Bsin f , ~3!
respectively.
In Fig. 1~a! the measurement at A is performed with phase
shift u and a beam splitter to produce cˆ 68 5@aˆ 16aˆ 2exp02211(2iu)#/A2, followed by photodetection. At B modes, dˆ 68
5@bˆ 16bˆ 2exp(2if)#/A2 are similarly generated. The pos-
sible outcomes for the photon number cˆ 81
† cˆ 18 ~and dˆ 81
† dˆ 18 )
are 0,1, . . . in integer steps. The spin values for Sˆ u
A and Sˆ f
B
are then given by the photon-number differences nˆ u
A52Sˆ u
A
5cˆ 81
† cˆ 18 2cˆ 82
† cˆ 28 and nˆ f
B52Sˆ f
B5dˆ 81
† dˆ 18 2dˆ 82
† dˆ 28 .
Alternatively in Fig. 1~b!, the aˆ 6 are first combined @18#
through a beam splitter and then phase shifted, to give out-
going fields aˆ 28 5(aˆ 22aˆ 1)/A2 and aˆ 18 5i(aˆ 21aˆ 1)/A2.
These may now be considered system fields, upon which the
measurement nˆ u
A52Sˆ u
A5cˆ 1
† cˆ 12cˆ 2
† cˆ 2 is made through the
transformation ~with polarizer or beam splitter! cˆ 1
5aˆ 18 cos u/21aˆ 28 sin u/2 and cˆ 25aˆ 18 sin u/22aˆ 28 cos u/2 fol-
lowed by photodetection. Figure 1~b! depicts a measurement
Sˆ z
A8cos u1Sˆy
A8sin u made on system operators aˆ 68 , but is the
same measurement depicted in Fig. 1~a! for the fields aˆ 6 .
We use similar definitions Sˆ x
A8
, Sˆ y
A8
, and Sˆ z
A8 for the
Schwinger operators in terms of aˆ 68 . Similar transformations
FIG. 1. Schematic representation of our proposed test of mac-
roscopic local realism. ~a! Measurement of spin operators Sˆ u
A and
Sˆ f
B
. This measurement scheme is equivalent to balanced homodyne
detection of the quadrature phase amplitudes Xˆ u
A and Xˆ f
B of the
fields aˆ 2 ,bˆ 2 , in the limit of large a,b. In the proposed experiment,
aˆ 2 ,bˆ 2 are of low intensity while aˆ 1 ,bˆ 1 are intense coherent-state
ua& ‘‘local oscillator’’ fields. In this experiment, large intensities are
incident on each of the photodiode detectors. ~b! Importantly in this
alternative arrangement, the fields aˆ 6 are first combined using a
beam splitter and phase shift so that both outgoing fields aˆ 68 inci-
dent on the measuring apparatus are macroscopic. The measure-
ment apparatus is depicted here by the beam splitter with variable
angle u , although a polarizer may also be possible for suitable
states. A similar arrangement occurs at B. In this experiment the
entire boxed apparatus may be considered the source. The measured
quantity in terms of the aˆ 6 ,bˆ 6 fields is still Sˆ u
A and Sˆ f
B as above in
~a!.0-3
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scheme because, for the particular choice of quantum state
discussed in Sec. IV, it ensures both fields aˆ 68 incident on the
measurement apparatus ~polarizer! can be macroscopic. This
arrangement then is crucial in providing a test of macro-
scopic realism.
We classify the result of our measurement as 11 if the
result for the photon number difference measurement nˆ u
A or
nˆ f
B is positive or zero, and 21 otherwise. The results at B are
classified similarly. We build up the following probability
distributions: P1
A (u) for obtaining 11 at A; P1B (f) for
obtaining 11 at B; and P11
AB (u ,f), the joint probability of
obtaining 11 at both A and B.
We first consider the predictions as given by the original
definition of local realism ~local hidden variables! used by
Einstein-Podolsky-Rosen, Bell, and Clauser-Horne @3,4#.
The probability of obtaining 11 for Su
A is expressed as
P1
A ~u!5E r~l!p1A ~u ,l!dl . ~4!
The probability of obtaining 11 for Sf
B is
P1
B ~f!5E r~l!p1B ~f ,l!dl . ~5!
The joint probability for obtaining 11 for both of the simul-
taneous measurements with u at A and f at B is
P11
AB ~u ,f!5E r~l!p1A ~u ,l!p1B ~f ,l!dl . ~6!
Here p1
A (u ,l) is the probability for getting the result 11
given the hidden variables l; p1
B (f;l) is the probability
for getting the result 11 given l; while r(l) is the prob-
ability distribution for the hidden variables l .
It is well known @3,4# that one can derive the following
‘‘strong’’ Bell-Clauser-Horne inequality from the assump-
tions of local realism made so far:
S5
P11
AB ~u ,f!2P11
AB ~u ,f8!1P11
AB ~u8,f!1P11
AB ~u8,f8!
P1
A ~u8!1P1
B ~f!
<1. ~7!
To date, this ‘‘strong’’ inequality has not been violated in
any experiment, because of the poor detection inefficiencies
that occur in photon counting experiments. It is well docu-
mented that it is possible to derive, with the assumption of
additional premises, a weaker form of the Bell inequality that
has been violated in photon counting experiments where de-
tection losses are high. In this paper, however, we restrict our
attention to the strong inequalities that do not require addi-
tional assumptions. Our proposed experiments involve pho-
todiode detectors that have high efficiencies and therefore
allow for the possibility of a strong violation of local realism.
In deriving the Bell inequalities, one specifies a probabil-
ity p1
A (u ,l) for getting the result 11 as opposed to 21
given the hidden variables l . If the results 11 and 21 are02211always macroscopically different, it becomes apparent that
one need only assume ‘‘macroscopic local realism’’ as op-
posed to local realism in its entirety to obtain the Bell in-
equalities. This is because in assuming the independence of
this probability p1
A (u ,l) on f , we need only assume a mac-
roscopic locality, that the measurement at B does not disturb
the system at A in a macroscopic way to make the change
from 11 to 21. The elements of reality need only be speci-
fied ‘‘macroscopically’’; that is, they can have a macroscopic
indeterminacy in their values and still adequately represent
the distinct outcomes of measurement. We can add certain
~though not all! perturbations of a macroscopic size ~in pho-
ton number! to the values predicted by the ‘‘elements of
reality’’ and not change the final form of the Bell inequality.
The violation of the Bell inequality ~7!, where the pos-
sible results of all relevant measurements ~for all relevant
angles u and f) are macroscopically distinct, would be firm
confirmation of an incompatibility with macroscopic local
realism. To our knowledge no such violation has yet been
demonstrated.
In order to test for macroforms of local realism in more
general situations ~where the possible results are not always
macroscopically separated!, we propose to add local classical
noise sources to the final readout stage of each of the mea-
surement processes, at A and B. We will assume that the
result for the photon number difference nˆ u
A or nˆ f
B at A and B,
respectively, is of the form n1N, where n is the result of the
measurement in the absence of the noise and N is a local
classical noise term. The noise terms at A and B are indepen-
dent, modeling a local physical source of noise, and as such
always satisfy locality, the noise added at A, for example,
being independent of the experimental choice of the angle f
at B.
We will derive a Bell inequality based on the premise of
macroscopic local realism alone by showing that the addition
of this classical noise to the final measurement result can
alter the premises needed to derive the Bell inequality. We
first define the probability Pi j
0,AB(u ,f) for obtaining results
i/2 and j /2, respectively, upon joint measurement of SuA at A,
and Sf
B at B, in the absence of the applied noise. The i and j
are then results for the photon-number differences nˆ u
A or nˆ f
B
,
respectively. In terms of a local hidden variable description,
this probability is given by
Pi j
0,AB~u ,f!5E r~l!piA~u ,l!p jB~f ,l!dl . ~8!
We next outline how the assumption of local realism, as
defined originally by EPR, implies the hidden variable de-
scription ~8! above. This is in order to postulate how the
above expression is modified if one makes only the macro-
scopic local realism assumption.
A perfect correlation between measurement results at A
and B is predicted to be possible for some quantum states.
For such situations, it is possible to predict precisely the
result of a measurement at A by performing a particular mea-
surement at B. We are able to deduce @3#, assuming local
realism and following the reasoning of EPR as outlined in0-4
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A
and mf
B
, one for each subsystem at A and B, and one for each
choice of measurement angle, u or f , at A or B, respectively.
The mu
A assumes one of a set of definite values, this value
giving the result of the measurement u at A should it be
performed. The set mu
A
,mf
B forms a set of hidden variables l
for the system.
More generally, there will be a reduced correlation be-
tween measurements performed at A and B. This is generally
so for the case where measurements incorporate macroscopic
uncertainties. Local realism still allows us to deduce the ex-
istence of an element of reality ~we will call it mu
A) for the
photon-number difference at A, with measurement angle u at
A, since we can make a prediction of the result at A without
disturbing the system at A, under the locality assumption.
This prediction is based on a measurement performed at B.
In this case, however, the element of reality mu
A becomes
‘‘fuzzy.’’ The ‘‘values’’ that the element of reality can as-
sume do not form a set of definite numbers with zero uncer-
tainty, but rather a set of distributions, one for each possible
result m at B, which we label by mu
A5m . The distribution
labeled by the element of reality mu
A assuming the value m
gives the probability of a result for the measurement u at A
should it be performed. It is independent of f , the experi-
menter’s choice of angle at B, if a simultaneous measure-
ment at B should be performed. One can apply similar rea-
soning to deduce the existence of a set of indeterminate
elements of reality mf
B
.
The assumption of ‘‘local realism’’then justifies the local
hidden variable description used in Eq. ~8!, and Eqs. ~4!–~6!,
above. Local realism implies that the system is always in a
state corresponding to a particular value for each of the ele-
ments of reality mu
A and mf
B
. The whole set of ‘‘elements of
reality’’ mu
A and mf
B form a set of ‘‘hidden variables’’ that
can be attributed to the system at a given time. Common
notation symbolizes the complete set of hidden variables by
l , and the underlying joint probability distribution
p(muA ,mfB) becomes r(l). The probabilities r(l) for the
hidden variables are predetermined, and do not depend on
the experimental choice of u and f . For each such state l
there is a probability pn
A(u ,l) that the result of a u measure-
ment at A will be n. In the case with perfect correlation, the
‘‘elements of reality’’ give precise values for the result of the
photon number measurement. Suppose the result m at B cor-
relates with n at A. Then we have pn
A(u ,l)51 if l5muA
5m , and is zero otherwise. More generally, we have imper-
fect correlation and ‘‘fuzzy’’ elements of reality, meaning
that this pn
A(u ,l) assumes a finite variance as discussed
above.
We focus attention on the distribution pi
A(u ,l), the prob-
ability of getting a photon number i for measurement at A
with angle u , given that the system is in a hidden variable
state l . The independence of pi
A(u ,l) on f is based on the
locality assumption used in its entirety, that the experiment-
er’s choice of measurement angle at B cannot ~instanta-
neously! change the result of the measurement at A in any
way. With macroscopic local realism the locality condition is02211relaxed, allowing the conditional distributions pi
A(u ,l) to
become nonlocal, that is, to have an explicit dependence on
the experimental angle f . The locality condition is relaxed,
however, only up to the level of M photons, where M is not
macroscopic, by maintaining that the measurement at B can-
not instantaneously change the result at A by an amount ex-
ceeding M photons.
By relaxing the locality assumption up to M photons, the
elements of reality mu
A ~deduced by way of the EPR argu-
ment! even in situations of perfect correlation will automati-
cally have a distribution pi
A(u ,f ,l), which is no longer a d
function, though the distribution will be zero for values of i
exceeding the value of mu
A by greater than M photons. This is
because we can no longer exclude the possibility of changes
to the result of photon number measurements at A by an
amount of up to M photons, due to the measurement at B.
Similarly, in the case of imperfect correlation, the ‘‘fuzzi-
ness’’ of the elements of reality as given by the conditional
distribution pi
A(u ,l) is increased by an amount whose upper
limit is determined by the value of M and which may depend
on f . Now we must consider the prediction for Eq. ~8! as
given by macroscopic local realism. The elements of reality
deduced using macroscopic local realism cannot give predic-
tions for the results of measurement that are macroscopically
different from those predicted from the elements of reality
deduced using local realism. Where our predicted result for a
measurement at A is i8 using local realism, macroscopic lo-
cal realism allows the result to be i81mA where mA can be
any number not macroscopic. Importantly, while i8 is not
dependent on the choice f for a simultaneous measurement
at B, the value mA can be. We therefore introduce the mac-
roscopic locality assumption into the expression ~8! for the
probabilities in terms of the hidden variables in the following
manner. We assume that the conditional probability pi
A(u ,l)
in Eq. ~8! takes the form of the following convolution ~where
M is a integer that is not macroscopic!:
pi
A~u ,f ,l!5 (
mA52M
1M
pmA
A ,NL~u ,f ,l!pi85i2mA
A ,L
~u ,l!. ~9!
@We similarly relax the locality assumption for pi
B(f ,l), al-
lowing for a dependence on u , and introduce a pi
B(f ,u ,l)
defined in a similar fashion.# The original local probability
distribution pi8
A ,L(u ,l), as would be specified through local
realism, may be convolved with a microscopic or mesos-
copic nonlocal probability function pmA
A ,NL(u ,f ,l). The local
specification, which is not dependent on the experimental
choice of angle f at B, gives a ~local! probability distribution
pi8
A ,L(u ,l) for obtaining i8 photons at A, but the prediction is
only correct to within 6M photons. These ~local! distribu-
tions form the fuzzy ‘‘macroscopic elements of reality.’’ The
probability distribution for an actual result i5i81mA at A is
determined by the further nonlocal perturbation term
pmA
A ,NL(u ,f ,l), which gives the probability of a further
change of mA photons. The nonlocal term is necessary be-
cause macroscopic local realism allows for the possibility
that the measurement at B instantaneously changes the result0-5
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only restriction is that the nonlocal distribution does not pro-
vide macroscopic perturbations, so that the probability of
getting a nonlocal change outside the range mA5
2M , . . . ,1M is zero. Equivalently, we must have ~and
similarly for terms with B)
(
mA52M
M
pmA
A ,NL~ i8,u ,f ,l!51. ~10!
We now wish to obtain an expression for the measurable
probabilities P11
AB (u ,f) in the presence of the local noise
terms, in terms of the Pi j
0,AB(u ,f). We introduce noise dis-
tribution functions at each of A and B, and define probabili-02211ties such as PA(N>x), such that the N at A is greater than or
equal to the value x. A probability PB(N>x) is defined simi-
larly, for the noise term at B. The final measured probability
in the presence of noise is expressed as
P11
AB ~u ,f!5 (
i , j52‘
‘
Pi j
0,AB~u ,f!PA~N>2i !PB~N>2 j !.
~11!
We write the predictions for this expression in terms of the
hidden variable theory by substituting the macroscopic local-
ity assumption ~9! into the hidden variable prediction ~8! for
Pi j
0,AB(u ,f). We getP11
AB ~u ,f!5 (
i , j52‘
‘ E r~l!F (
mA52M
M
pmA
A ,NL~ i8,u ,f ,l!pi85i2mA
A ,L
~u ,l! (
mB52M
M
pmB
B ,NL~ j8,f ,u ,l!p j85 j2mB
B ,L
~f ,l!G
3dlPA~N>2i !PB~N>2 j !. ~12!
Recalling i5i81mA and j5 j81mB , we change the i , j summation to one over i8, j8 to get
P11
AB ~u ,f!5 (
i8, j852‘
‘ E r~l!pi8A ,L~u ,l!H (mA52M
M
pmA
A ,NL~ i8,u ,f ,l!PA@N>2~ i81mA!#J p j8B ,L~f ,l!
3H (
mB52M
M
pmB
B ,NL~ j8,f ,u ,l!PB@N>2~ j81mB!#J dl . ~13!
At this point we introduce the following assumption regarding the macroscopic nature of the noise term PA(N>x): the
increase or decrease of x by an amount of up to M photons gives only a negligible change to the probability that the noise is
of size x or greater, PA@N>2(i81mA)#’PA(N>2i8) and similarly for the noise term at B. This gives us
(
mA52M
M
pmA
A ,NL~ i8,u ,f ,l!PA@N>2~ i81mA!#’PA~N>2i8! (
mA52M
M
pmA
A ,NL~ i8,u ,f ,l!. ~14!
Clearly this is only valid for noise that is macroscopic in size ~recalling that M is a number that is not macroscopic!. With
assumption ~10! we get the simplification to obtain a final form
P11
AB ~u ,f!5 (
i8, j8
E r~l!pi8A ,L~u ,l!p j8B ,L~f ,l!dlPA~N>2i8!PB~N>2 j8!. ~15!This prediction of the hidden variable theory is now given in
a ~local! form like that of Eq. ~6!. A similar study of the
expressions for the marginal probabilities leads to ~local! ex-
pressions like those of Eqs. ~4! and ~5!, and the Bell inequali-
ties ~7! therefore readily follow. The noise terms N, which
add a macroscopic uncertainty to the photon number result,
alter the premises needed to derive the Bell inequality. We
need only to assume macroscopic local realism to derive the
inequalities ~7! in the presence of macroscopic noise terms.
Therefore violation of these Bell inequalities in the presence
of truly macroscopic noise terms would be evidence of a
failure of macroscopic local realism.IV. QUANTUM STATES VIOLATING BELL
INEQUALITIES WITH MACROSCOPIC NOISE:
PREDICTED FAILURE OF MACROSCOPIC LOCAL
REALISM
We present a quantum state that shows violations of Bell
inequalities in the presence of macroscopic noise. By the
above arguments, this state then is evidence of macroscopic
local realism.
uc&5@I0~2r0
2!#21/2(
n50
‘
~r0
2!n
n! un&a2un&b2ua&a1ub&b1. ~16!0-6
VIOLATIONS OF BELL INEQUALITIES FOR . . . PHYSICAL REVIEW A 62 022110Here I0 is a modified Bessel function. The fields aˆ 1 and bˆ 1
are in coherent states ua&a1 and ub&b1, respectively, and we
allow a, b to be real and large. un&k is a Fock state for field
k. The fields aˆ 2 and bˆ 2 , often referred to as signal and idler
fields, respectively, are microscopic and generated in a pair-
coherent state with r051.1. Pair-coherent states were consid-
ered originally by Agarwal and co-workers @19#. They might
potentially be generated using nondegenerate parametric os-
cillation ~as suggested by Reid and Krippner @19# and ex-
plored in the recent work by Gilchrist and Munro @19#! in a
limit where one-photon losses are negligible, or some similar
process, as modeled by the following Hamiltonian in which
coupled two-photon signal-idler loss dominates over linear
single-photon loss:
H5i\E~aˆ 2
† bˆ 2
† 2aˆ 2bˆ 2!1aˆ 2bˆ 2Gˆ †1aˆ 2
† bˆ 2
† Gˆ . ~17!
The coherent states for aˆ 1 and bˆ 1 would be derived from
the laser pump for the oscillator. Here E represents a coher-
ent driving parametric term that generates signal-idler pairs,
while Gˆ represents reservoir systems that give rise to the
coupled signal-idler loss. The Hamiltonian preserves the
signal-idler photon number difference operator
aˆ 2
† aˆ 22bˆ 2
† bˆ 2 , of which the quantum state ~16! is an eigen-
state, with an eigenvalue of zero. We note the analogy here
to the single mode ‘‘even’’ and ‘‘odd’’ coherent superposi-
tion states N6
1/2(ua&6u2a&) $where a is real and N621
52@16 exp(22uau2)#% which are generated by the degen-
erate form ~put aˆ 25bˆ 2) of the Hamiltonian ~17!. These
states for large a are analogous to the famous ‘‘Schro¨dinger-
cat’’ states @9,10# and have been recently experimentally ex-
plored @11–13#. We point out later other choices of uc& pos-
sible.
To model noise we allow N to be a random noise term
with a Gaussian distribution of standard deviation s . An ex-
ample of a noisy photon-number measurement is the photo-
diode detection of very large intensities, such as those used
in the experiments of Smithey et al. @16#. The photocurrent is
processed electronically in a way that adds noise to the final
output current, giving a final imprecision in the photon num-
ber measurement. Although percentage detection efficiencies
are high for diode detectors, detection inefficiencies can also
create a potentially large absolute noise term that also limits
the resolution of the photon number measurement.
Violations of the Bell inequality ~7!, for the state ~16!, in
the absence of noise are shown in Fig. 2, curve ~a!. The
effect of adding increasing noise is to reduce the value of S
until eventually the violation is lost, at a cutoff noise value
sc , as shown in Fig. 3. In Fig. 2, curve ~b! shows this cutoff
value sc ~the maximum noise still allowing a violation of the
Bell inequality! versus a . We note the linear dependence of
sc on a (sc50.26a). In the limit of larger a this cutoff
noise sc then becomes macroscopic. Violations of fixed
magnitude (S→1.057 as a→}) are still possible for in-
creasingly larger absolute noise, simply by increasing a .
The asymptotic behavior in the large a ,b limit is crucial
to determining whether macroscopic local realism will be02211violated, and it is understood by replacing the boson opera-
tors aˆ 1 and bˆ 1 by classical amplitudes a and b , respec-
tively. We see that Sˆ u
A from Eq. ~2! can be expressed as Sˆ u
A
5@aˆ 1
† aˆ 2exp(2iu)1aˆ1aˆ2† exp(iu)#/25aXˆ uA/2, and similarly
Sˆ f
B5bXˆ f
B /2, where Xˆ u
A5aˆ 2exp(2iu)1aˆ 2† exp(iu) and Xˆ fB
5bˆ 2exp(2if)1bˆ 2† exp(if). The Xˆ uA and Xˆ fB are the
quadrature phase amplitudes of the fields aˆ 2 and bˆ 2 , re-
spectively. We then see that the photon-number measure-
ments 2Sˆ u
A and 2Sˆ f
B give results in the large a ,b limit cor-
responding numerically to the scaled quadrature phase
amplitudes aXˆ u
A and bXˆ f
B
, respectively.
FIG. 2. S vs a for u50,f52p/4,u85p/2,f8523p/4,a5b
for the quantum state ~16! with no noise present. The dashed line
gives the maximum noise sc still giving a violation of the Bell
inequality ~7! for the above parameters vs a . Macroscopic values
are possible with increasing a .
FIG. 3. S vs the noise parameter s , for u50,f52p/4,u8
5p/2,f8523p/4,a5b for the quantum state ~16!, where a510.0-7
M. D. REID PHYSICAL REVIEW A 62 022110Figure 1~a! in fact shows for large a ,b the experimental
arrangement for balanced homodyne detection @20#, a tech-
nique commonly used to measure quadrature phase ampli-
tudes. In Fig. 1~a! the homodyne scheme measures the
quadrature phase amplitudes Xˆ u
A and Xˆ f
B
, of the fields aˆ 2 and
bˆ 2 . The large intensity fields aˆ 1 and bˆ 1 are the ‘‘local
oscillator’’ fields usually considered to be classical ampli-
tudes a ,b . Violations of Bell inequalities ~7! ~failure of local
realism! for precisely these asymptotic quadrature phase am-
plitude measurements have recently been shown by Gilchrist
and co-workers @21#, the value of S51.0157 presented in
these quadrature phase amplitude calculations indeed corre-
sponding to our large a limit ~Fig. 2!.
Calculations @21,22# that model the addition of noise to
the quadrature phase amplitude measurements Xˆ u
A
,Xˆ f
B reveal
violations of the Bell inequality to be lost at the cutoff value
of s050.26. This asymptotic result allows us to make a
prediction of the effect of noise ~in the large a limit! on the
full photon-number calculation presented in Fig. 2. The de-
tected photon-number difference is given as
nˆ u
A52Sˆ u
A5cˆ 1
† cˆ 12cˆ 2
† cˆ 25aXˆ u
A
. ~18!
Noise of size N added to the photon-number difference nˆ uA
result is equivalent to noise of size N/(a) added to the signal
quadrature phase amplitude Xˆ u result. The noise in the
photon-number difference is scaled by a factor of a , the local
oscillator amplitude. Therefore the cutoff value s050.26
will correspond to a cutoff noise value of sc5as0 in the
measurement of photon-number difference nˆ u
A52Sˆ u
A
, con-
firming the linear behavior shown in Fig. 2, and the predic-
tion that is made from this that it is possible to obtain mac-
roscopic noise values while still obtaining a contradiction
with local realism. This property then is a predicted contra-
diction of quantum mechanics with macroscopic local real-
ism as we have defined it.
Detection inefficiencies will also contribute to a noise in
the final result for the measurement, though in this case the
noise will not be Gaussian. Noise caused by detector losses
is often modeled by a beam-splitter interaction immediately
prior to photodetection. The field to be detected, say, cˆ 18 , is
taken to be an input to a beam splitter. The second input to
the beam splitter aˆ vac1 is considered to be a vacuum. The
output
cˆ L18 5Ahcˆ 18 1A12haˆ vac1 , ~19!
where h is the overall efficiency factor, is then taken to be
the effective detected field. A similar effective field cˆ L28 is
constructed for the second detector, used to measure cˆ 28 , at
location A, and a second vacuum input aˆ vac2 is defined. The
detected photon-number difference is now given as
nˆ u
A5cˆ 8L1
† cˆ L18 2cˆ 8L2
† cˆ L28 5haXˆ Lu
A
, ~20!
where02211Xˆ Lu
A 5hXˆ u
A1~A12h/A2 !~Xˆ u ,vac11Xˆ u ,vac2!, ~21!
and the terms Xˆ u ,vac6 are quadrature phase amplitudes for
the independent 1 and 2 vacuum modes representing the
input fields aˆ vac1 and aˆ vac2 , respectively. Additional terms
that give negligible contributions with large a have been
omitted. We see how loss ~described by h,1) causes a
noise term (A12h/A2) (Xu ,vac11Xu ,vac2) in the signal
quadrature phase amplitude. Because of the factor ha , this
term can be large enough to give potentially macroscopic
absolute noise values in photon numbers for the photon num-
ber difference measurement. Violations of the Bell inequality
considered by Gilchrist and co-workers @21# have been
shown to be obtainable in the presence of detector losses
(h’0.98). We see from the above analysis that this will
correspond for sufficiently large a to a macroscopic absolute
noise term in the photon number measurements. Thus we
have a second situation where violations of a Bell inequality
are predicted possible in the presence of large absolute de-
tector noise, this prediction indicating an incompatibility of
quantum mechanics with macroscopic local realism.
We can deduce from our asymptotic ~large a ,b) study
other states uc& that will give a failure of macroscopic local
realism. Any state uc& that shows a failure of local realism
for measurements Xˆ u
A and Xˆ f
B on fields aˆ 2 and bˆ 2 will also
show a violation of macroscopic local realism, provided
a , b are large. This follows because there will always be a
finite noise cutoff s0, meaning that a failure of local realism
is possible for noise values less than s0. For large enough
a ,b this cutoff will correspond to a macroscopic noise cutoff
value sc5as0 in the photon number measurement nˆ u
A ~and
similarly for measurement nˆ f
B). This is an important point
since other states violating local realism for quadrature phase
amplitude measurements, either by way of a Bell inequality
or by way of the Greenberger-Horne-Zeilinger phenomenon,
have recently been predicted @21#. This greatly increases the
scope for a practical violation of macroscopic local realism.
A failure of local realism in the presence of macroscopic
noise terms ~as we have predicted here for states showing
failure of local realism for quadrature phase amplitude mea-
surements! is not typical. Consider as a source for the out-
going fields aˆ 68 , pictured in Fig. 1~b!, the following higher
spin state, which has been studied in much detail by Mermin
and Drummond and others @6–8#. It is well known that this
state gives a violation of Bell inequalities for large N, and is
often considered to be an example of a violation of a ‘‘mac-
roscopic local realism’’:
uw&5
1
N!~N11 !1/2~a
ˆ 81
† bˆ 81
† 1aˆ 82
† bˆ 82
† !Nu0&u0&. ~22!
Yet a study of the behavior of the violation of the Bell in-
equality ~7! with respect to noise added to the final photon
number measurements gives a cutoff noise limit that is mi-
croscopic for large incident photon number N. This effect is0-8
VIOLATIONS OF BELL INEQUALITIES FOR . . . PHYSICAL REVIEW A 62 022110plotted in Fig. 4. This is in contrast to our state ~16!, which
gives a macroscopic cutoff noise value in the limit of large
a .
It may be asked how a macroscopic claim can be made
from the predictions discussed in this paper, given that the
signal field aˆ 2 is microscopic. It is noted in response to this
question that, although the field aˆ 2 is itself microscopic, the
physical quantity measured, and to which the elements of
reality relate, is the combined Schwinger operator Sˆ u
A
. The
results for this measurement have a macroscopic range and
can tolerate increasing levels of ~absolute! noise.
However, it is crucial that the macroscopic nature of our
result is clarified in the arrangement of Fig. 1~b!. Here the
field aˆ 2 is combined with the field aˆ 1 to produce the mac-
roscopic fields aˆ 68 , prior to the experimenter’s selection of
the angle u . These outgoing macroscopic fields aˆ 68 may then
be regarded as the system at A. In this situation, both fields
aˆ 68 incident on the measurement apparatus, depicted by a
polarizer ~or beam splitter! with the choice of u in Fig. 1~b!,
are macroscopic. ~A similar description applies to the fields
at B.!
An important point is that the combining of fields, which
comes about as part of the state preparation, can be clearly
FIG. 4. Line ~a! gives S versus N, for the quantum state ~22!
with no noise present. Here we have selected the following relation
between the angles: f2u5u82f5f82u85c and f82u53c
and optimized S with respect to c . Line ~b! gives the maximum
noise sc still giving a violation of the Bell inequality ~7! for the
above parameters. In this case the cutoff noise sc remains micro-
scopic for large N.02211distinguished from amplification, which comes after the se-
lection of u , as part of the measurement process. This
second-mentioned amplification comes about in all experi-
ments, but does not imply that one can deduce ‘‘macroscopic
elements of reality’’ as we have defined them here. The ‘‘el-
ement of reality’’ is a variable whose values refer to a physi-
cal quantity defined for a system, for example, the position
of a particle. In the context of the Einstein-Podolsky-Rosen
and Bell arguments, the ‘‘system’’ ~for example, the particle
or photon field! has a well-defined meaning independent of
the measuring apparatus ~polarizer or beam splitter phase-
shift combinations! and associated amplification. A macro-
scopic element of reality is a variable whose possible values
are defined only with a macroscopic uncertainty. The value
for the element of reality and its associated uncertainty have
a clear meaning, and can be readily classified as macroscopic
or not macroscopic. For example, the uncertainty in the mea-
sured value for the position of a particle can be microscopic
regardless of an amplified final readout value.
V. CONCLUSIONS
Our claim therefore is that earlier work @7,8# suggestive of
violations of local realism at a macroscopic level must be
interpreted carefully before claiming a loss of local realism
at a ‘‘macroscopic’’ level. The failure of a Bell inequality in
cases where the photon number can be macroscopic but
where measurement resolution is perfect may not automati-
cally imply the failure of a macroscopic local realism, as we
have defined it.
In summary, we have considered the concept of orders of
local realism, from macro- through mesoscopic to micro-
scopic, which apply to experiments with an increasing pre-
cision of measurement. Macroscopic local realism excludes
the possibility of macroscopic changes to a system B occur-
ring as a result of events that occur simultaneously at a spa-
tially separated system A. This is as opposed to local realism
used in its entirety, right down to the most microscopic level,
which excludes all orders of change.
We have derived Bell inequalities which, if violated in
experiments with a limited resolution of photon numbers,
will imply a failure of these less restrictive forms of local
realism. We claim that the proven failure, if ever achievable,
of this macroscopic local realism is conclusive evidence that
the ‘‘startling’’ properties apparently attributed to ‘‘en-
tangled Schro¨dinger cat’’ states are inescapable. A class of
quantum states ~those showing a violation of local realism
for quadrature phase amplitudes! with this property has been
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